









Phase Transition for Gravitationally Collapsing











ABSTRACT: The collapse of thin dust shells in 2+1 dimensional gravity with and without
a cosmological constant is analyzed. A critical value of the shell's mass as a function of
its radius and position is derived. For  < 0, a naked singularity or black hole forms
depending on whether the shell's mass is below or just above this value. The solution
space is divided into four dierent regions by three critical surfaces. For  < 0, two
surfaces separate regions of black hole solutions and solutions with naked singularities,
while the other surface separates regions of open and closed spaces. Near the transition






, where  = 1=2 and
M is a naturally dened order parameter. We nd no phase transition in crossing from
an open to closed space. The critical exponent appears to be universal for spherically
symmetric dust. The critical solutions are analogous to higher dimensional extremal black
holes. All four phases coexist at one point in solution space corresponding to the static
extremal solution.
Introduction: Following the work of Choptuik [1], critical behavior has been found
in several models of black hole formation [2] [3] [4] [5] [6]. In these models, the space of
solutions is separated by a critical surface into a region of black hole solutions and a region
of solutions which are not black holes. There exist continuous parameters with critical
values on the boundaries separating these regions. The critical solutions are universal, and
scaling laws with critical exponents have been found. For the case of collapsing spherically
symmetric inhomogeneous dust, the existence of dierent phases has been known for some
time [7] [8], and recently the order parameters and their critical values have been found
[9]. So far, the behavior near criticality has not been studied.
Since there is presently no deep understanding of this general phenomenon, the study
of simple models of gravitational collapse may be useful. In this paper, we study collapsing
spherical thin dust shells in 2 + 1 dimensional gravity with both vanishing and negative
cosmological constant. Imposing junction conditions across the dust shell, we derive a
relation for the total mass of the system in terms of the rest mass of the dust shell , its
initial radius r
0
, and its initial velocity _r
0
. We show that the solution space is divided
into four regions. For  = 0, the solutions in the four regions are: (1) open conical spaces
[10], (2) open three-dimensional Misner-Taub-NUT (MTN) spacetimes, (3) closed conical
spaces [10] and (4) closed MTN spacetimes. For  < 0, the solutions in the four regions
are: (1) open anti-deSitter (adS) conical spaces [11], (2) exteriors of three-dimensional
black holes [12], (3) closed conical adS spaces [11] and (4) interiors of three-dimensional
black holes. We nd the critical surfaces separating the four regions and study the critical
behavior in their vicinity. Following [1]-[5], we dene the order parameter,M, as the total
mass of the system. For  < 0, we show that near the two critical surfaces separating








where  = 1=2 for both surfaces. p is any parameter along any curve in the space of




is a constant. For  = 0, there
exists an analogous phase transition with the same exponent. In going from an open to
closed space, we nd  = 1 suggesting that in that case there is no phase transition.
Junction Conditions : We now consider a collapsing spherical shell of dust in 2+1
dimensions and derive the junction conditions which allow us to relate the exterior and
interior geometries. The trajectory of the shell forms a two-dimensional hypersurface  in
1
the 2+1 dimensional spacetime. Let the exterior(+) and interior( ) spherically symmetric







































and  are the 3-
velocity and the mass density of the shell with  the proper time. The junction conditions
across the shell are 1) continuity of the induced two-dimensional metric h
ij
on  and


























across the shell yields
r
+
( ) = r
 
( )  R( ): (4)
The second junction condition can be obtained by decomposing Einstein's equation into

















. Integrating the tangential components of























is the extrinsic curvature and i; j; ::: are tangential components.
The bracket denotes the discontinuity of the enclosed expression across the shell. From
[G
ni





where jj is the covariant derivative in .
















Projecting the conservation equation (6) onto u







 = 0: (8)
2
From the 2-metric (3), one nds u
i
ji





where the constant  is the rest mass of the shell. The other component of (6) implies that
the dust trajectory is a geodesic of the two-metric which is already clear from the form of




























) is the orientation of the normal to  in the inside/outside spaces re-
spectively [14]. One can easily see that the accelerations on both sides of the shell vanish.
This contrasts with 3 + 1 dimensions where the accelerations are non-zero, but equal and
opposite on the two sides of the shell.
2 + 1 Gravity ( = 0): All spacetime solutions to vacuum 2 + 1 Einstein grav-
ity with vanishing cosmological constant are locally at, but can have non-trivial global













; 0    2 (11)
where  is a constant.  = 1 corresponds to Minkowski space. For 0 <   
2
< 1,
the spatial geometry of (11) describes a cone with a decit angle  = (1   )2 and
mass m = (1   )=4G [10]. For  < 0, (11) describes Taub-NUT (Misner) space [15]

















Since  and  are constants, we recover the radial geodesic equation, r = 0.
For a given  and _r, (12) determines the exterior geometry. There is no dependence on
the radius of the shell because there is no length scale in 2+1 gravity with  = 0. Consider
xed _r and increase  from zero. There are four ranges of  describing qualitatively dierent
exterior geometries shown in Fig. 1.
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Figure 1: Solution space for  = 0 with G =
1
4
. The lower and upper solid lines correspond
to  = 
c1
( = 0) and  = 
c3
( = 0) respectively. The dashed line corresponds to  = 
c2
( =   _r
2
). The upper dotted line corresponds to  = 
c4
. The solutions in the four regions are (I)
open cones, (II) open Taub-NUT spaces, (III) closed Taub-NUT spaces, and (IV ) closed cones.
The four regions are:


































At each time, t, space is described geometrically by a truncated cone of decit angle
 = 8Gm. The top of the cone corresponding to the inside of the shell is replaced by a
at disk (Fig. 2a).





, the cone limits to
an innite cylinder (Fig. 2b). The coordinates (t; r; ) are singular in that case. One can
dene the coordinates T = t and  = (r
s
  r)= (where r
s
is the constant radius of the












For _r 6= 0, the mass (13) depends on the kinetic energy of the shell as well. In this case,
4
we can obtain the limiting geometry for  ! 
c1
by dening the coordinates u = 
2
t
































), it can indeed be expressed as a linear combination






























The spacetime outside the shell is therefore three-dimensional Minkowski space with the
null-rotation identication   + 2 [16].
II) 
c1










































































xed by the Euler number of the space (see g. 2c). As ! 
c4
, the geometry degenerates








From Fig. 1, one observes that ( = 1=4G, _r = 0) corresponding to the static innite
cylinder solution (Fig. 2b) is a special point in the solution space, in which all four phases






the geometry goes directly from an open cone to a closed cone with the innite cylindrical
geometry at  = 
c
. The mass m
c
is exactly the bound that was found in the general case
of 2+1 dimensional gravity [17]. As was observed in [10], one can go beyond m =m
c
.
y We would like to thank Jorma Louko for this important observation.
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m* = 12G m
m









Figure 2: Spatial 2-geometries for  = 0 and _r = 0: a) open conical space (m < m
c
= 1=4G),
b) the innite static cylinder (m = m
c
), c) closed conical space (m > m
c




2 + 1 Anti-deSitter Gravity ( < 0): All classical solutions to 2 + 1 gravity
with  < 0 correspond to anti-deSitter space (adS) locally. However, non-trivial global
identications can lead to very dierent properties including dierent values of the mass as
well as the existence of event horizons or naked singularities. For the analysis of collapsing
dust shells, it is most convenenient to describe the solutions analytically.
The general spherically symmetric static solution in 2 + 1 dimensional cosmological























; l = ( )
 1=2
; 0 <  < 2 (16)
where  is a constant.  = 1 corresponds to anti-deSitter (adS) space. For 0 <   
2
<
1, we have anti-deSitter space with a decit angle  = 2(1   ) describing a point
6
particle with a mass m = (1   )=4G [11]. In the limit,  ! 0, one recovers the point
particle solutions in [10]. For  < 0 the solution (16) is a black hole with ADM mass
M =  =8G dened relative to the M = 0 vacuum. The singularity, r = 0, is located




8GMl. The black hole solutions approach anti-deSitter
space asymptotically. They can also be obtained geometrically from anti-deSitter space by
identifying under the action of a boost. The M = 0 solution is a non-singular spacetime
with an innite throat of zero radius.
One should distinguish the BTZ mass M (which is in fact the ADM [18] mass) from
the DJ'tH mass m dened in [10][11]. The dierence is due not only to dierent choices













is the two-dimensional metric on a spacelike surface.













three-dimensional background metric. In the denition of the BTZ mass, t in (16) is the
time parameter, while in the denition of the DJ'tH mass, it is t.











































> 0 and 
+
< 0 correspond to the formation of a conical naked singularity
and a black hole respectively.




) = 1) with


















(collapse in adS space): (18)
M increases with _r, the kinetic energy of the shell as well as with r due to the increasing
anti-deSitter potential energy. We see that M can be negative (naked conical singularity)
or positive (black hole), depending on ; r and _r. For M < 0, the corresponding DJ'tH






















(collapse in adS space): (19)
For an exterior closed space (sign(n
+















































The total mass (18) can be viewed as a function of three parameters: the dust shell
rest mass, , its initial radius, r
0
= r(0) and its initial velocity, _r
0
= _r(0). The space




g, shown in g. 3. The solution
























As in the  = 0 case, there are four qualitatively dierent regions in S corresponding
to four ranges of  as a function of r and _r. The solutions in the four regions are:
(I) 0 <  < 
c1
, open conical adS spaces,
(II) 
c1
<  < 
c2





<  < 
c3





<  < 
c4
, closed conical adS spaces.



















). The exterior geometries associated with the solutions on the critical
surface separating regions I and II (III and IV) are the exterior (r > r
s
) (interior (r < r
s
))





is the complete innite throat M = 0 vacum solution. This is a special point in solution
space in which all the four phases coexist.z
Collapse in the M = 0 vacuum (
 
= 0) results in one of the following three possibil-
ities:














































< , a closed conical adS space.
Phase Transition and Critical Exponents: We now study the structure of the
phase transition as one crosses the two  = 0 critical surfaces separating regions (I) and
(II) and regions (III) and (IV). Following [1]- [5], we look for an order parameter related
to the total mass. In approaching the critical surfaces from regions I and IV, we use the




M  = 1  4Gm: (22)
The Minkowski space (for  = 0) and adS space (for  < 0) solutions withM = 1 (m = 0)
might be thought of as the ordered vacua.
From (19) and (21) one can obtain the behavior of M near the critical surfaces. In






































































































) can be obtained from (18) by setting M = 0. The lower (upper) signs
in (23) refer to the lower (upper) shaded surfaces in Fig. 3. From (23), we see that the
critical exponent is  = 1=2 as one approaches the critical surface from any direction.
z TheM = 0 solution is very similar to higher dimensional extremal black holes and its special




























. The upper part,  > 0, corresponds to region I in g. 3, and the lower
part,  < 0, corresponds to region IV .
Consider approaching the critical surfaces from regions II and III. The DJ'tH mass in
those regions is ill-dened. A geometrical quantity which is sensitive to the phase transition











and thus again obtaining the same exponent  = 1=2 as in (23).








) surface, one nds  = 1 using either  or r
H
or M as
order parameter. Thus, there is no phase transition in crossing from an open to closed
space. A way to see the distinct behavior of the transition between open and closed spaces
is to consider the static case with  = 0. Now, the only parameter is , and the transition




), and thus indeed  = 1.
Summary : In this paper, we described the phase transition which occurs in the
gravitational collapse of dust shells in 2+1 dimensional gravity. We found that the so-
lution space is divided into four qualitatively distinct regions. There is critical behavior
near the transition between black holes and solutions with naked singularities. One can
easily generalize our results to higher (or lower) dimensional solution spaces. Consider for
example collapse into a conical space, with interior mass m
0
(Fig. 2d). We then have a









x In [1]- [5], the black hole mass was used as order parameter, but in four dimensions, this is
proportional to the black hole radius.
10
as well. On the other hand, in the case of the collapse of a homogeneous ball of dust in
2+1 dimensions [19], the total mass is given by M =    1=8G and is therefore only a
function of . So we have eectively a one-dimensional solution space, and if we use our






= 1=8G. So, it
seems that our results and in particular the value of the critical exponent are quite general
in the case of spherical dust collapse in 2+1 dimensions.
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